ABSTRACT. The main result of this paper is a construction of solutions to the reverse Yang-Mills-Higgs flow converging in the C ∞ topology to a critical point. The construction uses only the complex gauge group action, which leads to an algebraic classification of the isomorphism classes of points in the unstable set of a critical point in terms of a filtration of the underlying Higgs bundle.
INTRODUCTION
There is a well-known relationship between the Yang-Mills heat flow on a Riemann surface and the notion of stability from algebraic geometry. This began with work of Atiyah and Bott [1] and continued with Donaldson's proof [7] of the Narasimhan-Seshadri theorem [28] and subsequent work of Daskalopoulos [5] and Rade [30] , which shows that the Yang-Mills flow converges to a unique critical point which is isomorphic to the graded object of the Harder-Narasimhan-Seshadri double filtration of the initial condition. In the setting of Higgs bundles, a theorem of Hitchin [10] and Simpson [34] shows that a polystable Higgs bundle is gauge equivalent to the minimum of the Yang-Mills-Higgs functional and that this minimum is achieved by the heat flow on the space of metrics. The results of [39] show that the theorem of Daskalopoulos and Rade described above extends to the Yang-Mills-Higgs flow on the space of Higgs bundles over a compact Riemann surface. More generally, when the base manifold is compact and Kähler, then these results are due to [8] , [9] , [38] , [34] , [6] , [32] , [17] and [25] .
Continuing on from these results, it is natural to investigate flow lines between critical points. Naito, Kozono and Maeda [26] proved the existence of an unstable manifold of a critical point for the Yang-Mills functional, however their method does not give information about the isomorphism classes in the unstable manifold, and their proof requires a manifold structure on the space of connections (which is not true for the space of Higgs bundles). Recent results of Swoboda [37] and Janner-Swoboda [18] count flow lines for a perturbed Yang-Mills functional, however these perturbations destroy the algebraic structure of the Yang-Mills flow, and so there does not yet exist an algebro-geometric description of the flow lines in the spirit of the results described in the previous paragraph. Moreover, one would also like to study flow lines Date: March 5, 2018. for the Yang-Mills-Higgs functional, in which case the perturbations do not necessarily preserve the space of Higgs bundles, which is singular.
The purpose of this paper is to show that in fact there is an algebro-geometric description of the flow lines connecting given critical points of the Yang-Mills-Higgs functional over a compact Riemann surface. As an application, we show that the Hecke correspondence for Higgs bundles studied by Witten in [40] has a natural interpretation in terms of gradient flow lines. Moreover, for the Yang-Mills flow, at a generic critical point there is a natural embedding of the projectivisation of the underlying bundle inside the unstable set of the critical point, and the results of this paper show that the isomorphism class of the limit of the downwards flow is determined if the initial condition lies in one of the secant varieties of this embedding, giving us a geometric criterion to distinguish between broken and unbroken flow lines. For the Yang-Mills-Higgs flow the analogous picture involves the secant varieties of the space of Hecke modifications compatible with the Higgs field. At generic critical points of the Yang-Mills-Higgs functional this space of Hecke modifications is the spectral curve of the Higgs bundle.
The basic setup for the paper is as follows. Let E → X be a smooth complex vector bundle over a compact Riemann surface with a fixed Hermitian metric and let B denote the space of Higgs pairs on E. The Yang-Mills-Higgs functional is
and the Yang-Mills-Higgs flow is the downwards gradient flow of YMH given by the equation (2.4) . This flow is generated by the action of the complex gauge group G C . Equivalently, one can fix a Higgs pair and allow the Hermitian metric on the bundle to vary in which case the flow becomes a nonlinear heat equation on the space of Hermitian metrics (cf. [8] , [34] ). At a critical point for this flow the Higgs bundle splits into Higgs subbundles and on each subbundle the Higgs structure minimises YMH. The unstable set of a critical point (∂ A , φ) consists of all Higgs pairs for which a solution to the YMH flow (2.4) exists for all negative time and converges in the smooth topology to (∂ A , φ) as t → −∞. The first theorem of the paper gives an algebraic criterion for a complex gauge orbit to intersect the unstable set for the Yang-Mills-Higgs flow.
Theorem 1.1 (Criterion for convergence of reverse heat flow). Let E be a complex vector bundle over a compact Riemann surface X, and let (∂ A , φ) be a Higgs bundle on E.
Suppose that E admits a filtration (E (1) , φ (1) ) ⊂ · · · ⊂ (E (n) , φ (n) ) = (E, φ) by Higgs subbundles such that the quotients (Q k , φ k ) := (E (k) , φ (k) )/(E (k−1) , φ (k−1) ) are Higgs polystable and slope(Q k ) < slope(Q j ) for all k < j. Then there exists g ∈ G C and a solution to the reverse Yang-Mills-Higgs heat flow equation with initial condition g · (∂ A , φ) which converges to a critical point isomorphic to (Q 1 , φ 1 ) ⊕ · · · ⊕ (Q n , φ n ).
Conversely, if there exists a solution of the reverse heat flow from the initial condition (∂ A
φ) converging to a critical point (Q 1 , φ 1 ) ⊕ · · · ⊕ (Q n , φ n ) where each (Q j , φ j ) is polystable with slope(Q k ) < slope(Q j ) for all k < j, then (E, φ) admits a filtration (E (1) , φ (1) ) ⊂ · · · ⊂ (E (n) , φ (n) ) = (E, φ) whose graded object is isomorphic to (Q 1 , φ 1 ) ⊕ · · · ⊕ (Q n , φ n ).
A key difficulty in the construction is the fact that the space of Higgs bundles is singular, and so the existing techniques for constructing unstable sets (see for example [26] for the Yang-Mills flow or [19, Sec. 6] in finite dimensions) cannot be directly applied since they depend on the manifold structure of the ambient space. One possibility is to study the unstable set of the function F A + [φ, φ * ] 2 L 2 + ∂ A φ 2 L 2 on the space of all pairs (∂ A , φ) without the Higgs bundle condition∂ A φ = 0, however one would then need a criterion to determine when a point in this unstable set is a Higgs bundle and one would also need a method to determine the isomorphism classes of these points.
The construction in the proof of Theorem 1.1 is intrinsic to the singular space since it uses the action of the complex gauge group to map the unstable set for the linearised YMH flow (for which we can explicitly describe the isomorphism classes) to the unstable set for the Yang-Mills-Higgs flow. The method used here to compare the flow with its linearisation is called the "scattering construction" in [14] and [29] since it originates in the study of wave operators in quantum mechanics (see [31] for an overview). The method in this paper differs from [14] and [29] in that (a) the construction here is done using the gauge group action in order to preserve the singular space and (b) the distance-decreasing formula for the flow on the space of metrics [8] is used here in order to avoid constructing explicit local coordinates as in [14] (the construction of [14] requires a manifold structure around the critical points).
As a consequence of Theorem 1.1, we have an algebraic criterion for critical points to be connected by flow lines.
Corollary 1.2 (Algebraic classification of flow lines)
. Let x u = (∂ Au , φ u ) and x ℓ = (∂ A ℓ , φ ℓ ) be critical points with YMH(x u ) > YMH(x ℓ ). Then x u and x ℓ are connected by a flow line if and only if there exists a Higgs pair (E, φ) which has Harder-Narasimhan-Seshadri double filtration whose graded object is isomorphic to x ℓ , and which also admits a filtration (E (1) , φ (1) ) ⊂ · · · ⊂ (E (n) , φ (n) ) = (E, φ) by Higgs subbundles such that the quotients (Q k , φ k ) := (E (k) , φ (k) )/(E (k−1) φ (k−1) ) are polystable and satisfy slope(Q k ) < slope(Q j ) for all k < j and the graded object (Q 1 , φ 1 ) ⊕ · · · ⊕ (Q n , φ n ) is isomorphic to x u .
As an application of the previous theorem, we can construct Hecke modifications of Higgs bundles via Yang-Mills-Higgs flow lines. First consider the case of a Hecke modification at a single point (miniscule Hecke modifications in the terminology of [40] ).
Theorem 1.3.
(
be a Hecke modification such that (E, φ)
is stable and (E ′ , φ ′ ) is semistable, and let L u be a line bundle with deg L u + 1 < slope(E ′ ) < slope(E). Then there exist sections φ u , φ ℓ ∈ H 0 (K), a line bundle L ℓ with deg L ℓ = deg L u + 1 and a metric on E ⊕ L u such that x u = (E, φ) ⊕ (L u , φ u ) and x ℓ = (E ′ gr , φ ′ gr ) ⊕ (L ℓ , φ ℓ ) are critical points connected by a YMH flow line, where (E ′ gr , φ ′ gr ) is isomorphic to the graded object of the Seshadri filtration of (E ′ , φ ′ ).
(2) Let x u = (E, φ) ⊕ (L u , φ u ) and x ℓ = (E ′ , φ ′ ) ⊕ (L ℓ , φ ℓ ) be critical points connected by a YMH flow line such that L u , L ℓ are line bundles with deg L ℓ = deg L u + 1, (E, φ) is stable and (E ′ , φ ′ ) is polystable with deg L u + 1 < slope(E ′ ) < slope(E). Then (E ′ , φ ′ ) is the graded object of the Seshadri filtration of a Hecke modification of (E, φ). If (E ′ , φ ′ ) is Higgs stable then it is a Hecke modification of (E, φ).
For Hecke modifications defined at multiple points, we can inductively apply the above theorem to obtain a criterion for two critical points to be connected by a broken flow line. For non-negative integers m, n, the definition of (m, n) stability is given in Definition 4.5. The space N φ,φu denotes the space of Hecke modifications compatible with the Higgs fields φ and φ u (see Definition 4.11).
Corollary 1.4. Consider a Hecke modification
is the graded object of the Seshadri filtration of the semistable Higgs bundle (E ′ , φ ′ ).
For any gradient flow, given upper and lower critical sets C u and C ℓ , one can define the spaces F ℓ,u (resp. BF ℓ,u ) of unbroken flow lines (resp. broken or unbroken flow lines) connecting these sets, and the spaces P ℓ,u (resp. BP ℓ,u ) of pairs of critical points connected by an unbroken flow line (resp. broken or unbroken flow line). These spaces are correspondences with canonical projection maps to the critical sets given by the projection taking a flow line to its upper and lower endpoints.
In the setting of Theorem 1.3, let d = deg E and r = rank(E) and let C u and C ℓ be the upper and lower critical sets. There are natural projection maps to the moduli space of semistable Higgs bundles
solely of stable Higgs pairs and hence any Hecke modification is semistable. Since the flow is G-equivariant, then there is an induced correspondence variety, denoted M ℓ,u in the diagram below.
As a consequence of Theorem 1.3, we have the following result.
Corollary 1.5. M ℓ,u is the Hecke correspondence.
A natural question from Floer theory is to ask whether a pair of critical points connected by a broken flow line can also be connected by an unbroken flow line, i.e whether BP ℓ,u = P ℓ,u . The methods used to prove the previous theorems can be used to investigate this question using the geometry of secant varieties of the space of Hecke modifications inside the unstable set of a critical point. For critical points of the type studied in Theorem 1.3, generically this space of Hecke modifications is the spectral curve of the Higgs field, and so the problem reduces to studying secant varieties of the spectral curve. This is explained in detail in Section 4.4. In particular, Corollary 4.27 gives a complete classification of the unbroken flow lines on the space of rank 2 Higgs bundles.
The paper is organised as follows. In Section 2 we set the notation for the paper, prove a slice theorem around the critical points and derive some preliminary estimates for the YMH flow near a critical point. Section 3 contains the main part of the analysis of the YMH flow around a critical point, which leads to the proof of Theorem 1.1 and Corollary 1.2. In Section 4 we interpret the analytic results on flow lines in terms of the Hecke correspondence, leading to the proof of Theorem 1.3, Corollary 1.4 and Corollary 1.5. Appendix A contains a proof that a solution to the reverse YMH flow with a given initial condition is necessarily unique.
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2. PRELIMINARIES 2.1. The Yang-Mills-Higgs flow on a compact Riemann surface. Fix a compact Riemann surface X and a smooth complex vector bundle E → X. Choose a normalisation so that vol(X) = 2π. Fix∂ A 0 : Ω 0 (E) → Ω 0,1 (E) such that∂ A 0 is C-linear and satisfies the Leibniz rule∂ A 0 (f s) = (∂f )s + f (∂ A 0 s) for all f ∈ Ω 0 (X) and s ∈ Ω 0 (E). Let A 0,1 denote the affine space∂ A 0 + Ω 0,1 (End(E)). A theorem of Newlander and Nirenberg identifies A 0,1 with the space of holomorphic structures on E. The space of Higgs bundles on E is (2.1)
The complex gauge group is denoted G C and acts on B by g ·(∂ A , φ) = (g∂ A g −1 , gφg −1 ). If X is a complex manifold with dim C X > 1 then we impose the extra integrability conditions (∂ A ) 2 = 0 and φ ∧ φ = 0. Given a Hermitian metric on E, let A denote the space of connections on E compatible with the metric, and let G ⊂ G C denote the subgroup of unitary gauge transformations. The Chern connection construction defines an injective map A 0,1 ֒→ A which is a diffeomorphism when dim C X = 1. Given∂ A ∈ A 0,1 , let F A denote the curvature of the Chern connection associated to∂ A via the Hermitian metric. The metric induces a pointwise norm | · | : Ω 2 (End(E)) → Ω 0 (X, R) and together with the Riemannian structure on
When dim C = 1, the Hodge star defines an isometry * : Ω 2 (End(E)) → Ω 0 (End(E)) ∼ = Lie G C . For any initial condition (A 0 , φ 0 ), the following equation for g t ∈ G C has a unique solution on the interval t ∈ [0, ∞) (cf. [8] , [34] )
This defines a unique curve (A t , φ t ) = g t · (A 0 , φ 0 ) ∈ B which is a solution to the downwards Yang-MillsHiggs gradient flow equations
for all t ∈ [0, ∞). The result of [39, Thm 3.1] shows that the solutions converge to a unique limit (A ∞ , φ ∞ ) which is a critical point of YMH. Moreover [39, Thm. 4.1] shows that the isomorphism class of this limit is determined by the graded object of the Harder-Narasimhan-Seshadri double filtration of the initial condition (A 0 , φ 0 ).
Remark 2.1.
Since the space B of Higgs bundles is singular, then we define the gradient of YMH as the gradient of the function
L 2 defined on the ambient smooth space T * A 0,1 , which contains the space B as a singular subset. When the initial condition is a Higgs bundle, then a solution to (2.4) is generated by the action of the complex gauge group G C which preserves B. Therefore the solution to (2.4) is contained in B and so from now on we can consider the flow (2.4) as a well-defined gradient flow on the singular space B. Throughout the paper we define a critical point to be a stationary point for the Yang-Mills-Higgs flow.
Definition 2.2. A critical point for YMH is a pair
The critical point equations (2.5) imply that the bundle E splits into holomorphic φ-invariant sub-bundles E 1 ⊕ · · · ⊕ E n , such that the induced Higgs structure (∂ A j , φ j ) on the bundle E j minimises the YangMills-Higgs functional on the bundle E j (cf. [1, Sec. 5] for holomorphic bundles and [39, Sec. 4] for Higgs bundles). In particular, each Higgs pair (∂ A j , φ j ) is polystable. The decomposition is not necessarily unique due to the possibility of polystable bundles with the same slope, however it is unique if we impose the condition that (E 1 , φ 1 )⊕· · ·⊕(E n , φ n ) is the graded object of the socle filtration of the Higgs bundle (E, φ) (see [15] for holomorphic bundles and [2, Sec. 4] for Higgs bundles). With respect to this decomposition the curvature * (
where λ j = slope(E j ) and we order the eigenvalues by λ j < λ k for all j < k.
Definition 2.3.
A Yang-Mills-Higgs flow line connecting an upper critical point x u = (∂ Au , φ u ) and a lower critical point
dγ dt satisfies the Yang-Mills-Higgs flow equations (2.4), and (2) lim t→−∞ γ(t) = x u and lim t→∞ γ(t) = x ℓ , where the convergence is in the C ∞ topology on B.
Definition 2.4. The unstable set W − xu of a non-minimal critical point x u = (∂ Au , φ u ) is defined as the set of all points y 0 ∈ B such that a solution y t to the Yang-Mills-Higgs flow equations (2.4) exists for all (−∞, 0] and y t → x in the C ∞ topology on B as t → −∞.
2.2.
A local slice theorem. In this section we define local slices around the critical points and describe the isomorphism classes in the negative slice.
The slice through x is the set of deformations orthogonal to the G C orbit at x.
If x is a critical point of YMH with β = * (F A + [φ, φ * ]), then the negative slice S − x is the subset
To prove Lemma 2.7 and Proposition 2.8 below, one needs to first define the slice on the L 2 1 completion of the space of Higgs bundles with the action of the L 2 2 completion of the gauge group. The following lemma shows that if the critical point x is C ∞ then the elements in the slice S x are also C ∞ . 
Proof. The slice equations are∂
1 . Repeating this again shows that ϕ ∈ L 2 2 , and then one can repeat the process inductively to show that δx = (a, ϕ) is C ∞ .
The following result gives a local description of the space of Higgs bundles in terms of the slice. The infinitesimal action of
Proof. The result of [39, Prop. 4.12] shows that the statement is true for the L 2 1 completion of the space of Higgs bundles and the L 2 2 completion of the gauge group, and so it only remains to show that it remains true on restricting to the space of C ∞ Higgs bundles with the action of the group of C ∞ gauge transformations. The proof of this statement follows from elliptic regularity using the same method as [39, Cor. 4.17].
Now let x = (∂ A , φ) be a critical point and let β = µ(x) := * (F A + [φ, φ * ]). The Lie algebra Lie(G C ) ∼ = Ω 0 (End(E)) decomposes into eigenbundles for the adjoint action of e iβ . We denote the positive, zero and negative eigenspaces respectively by Ω 0 (End(E) + ), Ω 0 (End(E) 0 ) and Ω 0 (End(E) − ). The positive and negative eigenspaces are nilpotent Lie algebras with associated unipotent groups G C + and G C − . The subgroups of G and G C consisting of elements commuting with e iβ are denoted G β and G C β respectively. Since Ω 0 (End(E) 0 ) ⊕ Ω 0 (End(E) + ) is also a Lie algebra then there is a corresponding subgroup denoted G C * .
Let G x and G C x denote the respective isotropy groups of x in G and G C . There is an inclusion (G x ) C ⊆ G C x , however at a non-minimal critical point the two groups may not be equal (in the context of reductive group actions on finite-dimensional affine spaces, this question has been studied by Sjamaar in [36, Prop. 1.6]). At a general critical point, the Higgs bundle (E, φ) splits into polystable Higgs sub-bundles (E 1 , φ 1 ) ⊕ · · · ⊕ (E n , φ n ), where we order by increasing slope. Then a homomorphism u ∈ Hom(E j , E k ) satisfying uφ j = φ k u will be zero if j > k since (E j , φ j ) and (E k , φ k ) are polystable and slope(E j ) > slope(E k ), however if j < k then the homomorphisms do not necessarily vanish in which case
. At a critical point x, the above argument shows that isotropy group G C x is contained in G C * , and so we have the following refinement of Lemma 2.7. 
The results of Section 3 show that the negative slice S − x is complex gauge-equivalent to the unstable set W − x of a critical point. The next lemma gives a complete classification of the isomorphism classes in S − x . Together with the results of Section 3, this is used in Section 4 to classify critical points connected by flow lines. 
Conversely, there exists a neighbourhood U of x such that if a Higgs bundle y = (E, φ) ∈ U admits such a filtration then it is gauge equivalent to x + δx for some δx ∈ S − x .
Proof. The first statement follows directly from the definition of the negative slice in (2.8).
Let End(E) − be the subbundle of End(E) corresponding to the negative eigenspaces of iβ and let
be the restriction of the infinitesimal action to the negative eigenspaces. Then
and so (2.9) must be an equality, therefore
Therefore the function
is a local diffeomorphism at 0. If δx ∈ S − x then x + δx ∈ B, and so e u · (x + δx) ∈ B, since the complex gauge group preserves the space of Higgs bundles. Conversely, if e u · (x + δx) ∈ B then x + δx ∈ B and so δx ∈ S − x . Therefore ψ restricts to a local homeomorphism
The next two results concern a sequence of points g t · z in a G C orbit which approach a critical point x in the L 2 k norm and for which YMH(z) < YMH(x). Since x is critical and 
Proof. Let U be the neighbourhood of x from Lemma 2.7. Since g t · z → x, then there exists T such that g t · z ∈ U for all t ≥ T . Therefore there exists f t in a neighbourhood of the identity in G C such that
The uniqueness of the decomposition from the slice theorem shows that if t > T , then
Fix a point p on the surface X, and let G C 0 be the normal subgroup of complex gauge transformations that are the identity at p, as in [1, Sec. 13] . We have the following short exact sequence of groups
Since G C 0 acts freely on the space of connections (and hence on B), then restriction to the fibre over p defines a bijective correspondence between G C x ⊂ G C and a subgroup of GL(n, C) via the exact sequence above. Therefore f t,T diverges in G C x implies that the restriction of f t,T to the fibre over p diverges in GL(n, C), and so the C 0 norm of f t,T diverges to ∞, and hence the same is true for
since g T is fixed and both f t and f T are contained in a fixed neighbourhood of the identity in G C . Therefore sup X σ(h t ) → ∞. 
Proof. If no such neighbourhood U exists, then we can construct a sequence y t = g t · z converging to x in L 2 k such that h t = g * t g t satisfies sup X σ(h t ) ≤ C for all t, however this contradicts the previous lemma.
2.3.
Modifying the YMH flow in a neighbourhood of a critical point. Let x be a critical point, let
, and let G C * be the subgroup defined in the previous section. In this section we explain how to modify the YMH flow near x so that the gauge transformation generating the flow is contained in G C * . The reason for modifying the flow is so that we can apply the distance-decreasing formula of Lemma 2.18, which is used for the convergence result of Section 3.2.
Let U be a G-invariant neighbourhod of x such that U is homeomorphic to a neighbourhood of
Since µ is G-equivariant then we can extend γ − equivariantly from V to all of U using the action of G.
The modified flow with initial condition y 0 ∈ U is the solution to
More explicitly, on the space of Higgs bundles y = (∂ A , φ) satisfies
In analogy with (2.3), the modified flow is generated by the action of the gauge group y t = g t · y 0 , where g t satisfies the equation
As before, let V ⊂ U be the image of (ker ρ x ) ⊥ * × S x under the homeomorphism from the slice theorem (Proposition 2.8). Note that if y 0 ∈ V then
, so g t ∈ G C * and the solution to the modified flow remains in V for as long as it remains in the neighbourhood U . Lemma 2.13. Let y t = g t · y 0 be the solution to the YMH flow (2.3) with initial condition y 0 . Then there exists s t ∈ G solving the equation Proof. Since γ is G-equivariant then (2.13) reduces to ds dt s
Since γ(y t ) ∈ Lie(G) is already defined by the gradient flow y t , then this equation reduces to solving an ODE on the fibres of the bundle, and therefore existence of solutions follows from ODE existence theory.
and soỹ t =g t · y 0 = s t · y t is a solution to the modified flow (2.11) with initial condition y 0 .
As a corollary, we see that the change of metric is the same for the YMH flow (2.3) and the modified flow (2.12). 
12). Then
Finally, we prove that convergence for the upwards YMH flow implies convergence for the modified flow. Proof. Let y t be the YMH flow with initial condition y 0 andỹ t = s t · y t the modified flow. By the definition of W − x the YMH flow exists for all t ∈ (−∞, 0] and y t → x in the C ∞ topology. Existence of the modified flow then follows from Lemma 2.13. Proposition 2.20 shows that y t → x exponentially in L 2 k for all k, and so the same is true for γ(y t ). Therefore the length of the modified flow line satisfies
which is finite since the length
dt of the YMH flow line is finite, y t is bounded and γ(y t ) → 0 exponentially. This is true for all k, and so the modified flow converges in the C ∞ topology.
2.4.
Preliminary estimates for the YMH flow in a neighbourhood of a critical point. Given eigenvalues for iβ labelled by λ 1 ≤ · · · ≤ λ k < 0 ≤ λ k+1 ≤ · · · , for any y ∈ S − x and any norm, we have the Lipschitz bounds (2.14)
Lemma 2.16. For any critical point x there exists C > 0 such that for any
Proof. Let y ∈ S − x and define δy := y − x ∈ V ∼ = T x V . Then the defining equation for the moment map shows that for all v ∈ k, we have
By the definition of the slice, each δy ∈ S − x is orthogonal to the infinitesimal action of G C at x, and so Iρ x (v), δy = 0 for all v ∈ k. Therefore dµ x (δy) = 0. Since the moment map µ(∂ A , φ) = F A + [φ, φ * ] is quadratic, then we have
Since the moment map is G-equivariant and the norms above are all G-invariant, then the constant C is independent of the choice of critical point in the orbit G · x.
Given g ∈ G C , let g * denote the adjoint with respect to the Hermitian metric on E and let G act on G C by left multiplication. In every equivalence class of the space of metrics G C /G there is a unique positive definite self-adjoint section h, which we use from now on to represent elements of
Since the moment map is G-equivariant, then for any k ∈ G we have
and so µ h is well-defined on G C /G. , it is more convenient to define the distance function σ :
As explained in [8] , the function sup X σ is not a norm in the complete metric space G C /G, however we do
.
Recall from [8] , [34] that we have the following distance-decreasing formula for a solution to the downwards YMH flow. Since the change of metric is the same for the modified flow by Corollary 2.14, then (2.18) is also valid for the modified flow. Lemma 2.17. Let y 1 , y 2 ∈ B and suppose that y 1 = g 0 · y 2 for g ∈ G C . For j = 1, 2, define y j (t) to be the solution of the YMH flow (2.4) with initial condition y j . Define g t by y 1 (t) = g t · y 2 (t) and let h t = g * t g t be the associated change of metric. Then
Since Lie(G C * ) = Ω 0 (End(E)) 0 ⊕ Ω 0 (End(E)) + and the adjoint action of e −iβt is the identity on Ω 0 (End(E)) 0 and strictly contracting on Ω 0 (End(E)) + , then we have the following lemma which is used in Section 3.2.
Lemma 2.18. Given any
As part of the proof of the distance-decreasing formula in [8] we also have the following inequalities. This result is used in the proof of Lemma 3.2.
Lemma 2.19.
For any metric h ∈ G C /G and any y ∈ B, we have
2.5. Exponential convergence of the backwards flow. In this section we prove that if a solution to the backwards YMH flow converges to a critical point, then it must do so exponentially in each Sobolev norm. 
The proof of the proposition reduces to the following lemmas. First recall from the slice theorem that there is a unique decomposition
for u ∈ (ker ρ x ) ⊥ and z ∈ S x . We can further decompose z = z ≥0 + z − , where z − ∈ S − x is the component of z in the negative slice and z ≥0 = z − z − . At the critical point x we have the decomposition End(E) ∼ = End(E) + ⊕ End(E) 0 ⊕ End(E) − according to the eigenspaces of iβ (cf. Sec. 2.2). Then with respect to
In terms of the action of β = µ(x) we have lim t→∞ e iβt · z − = 0 and lim t→∞ e −iβt · z ≥0 = z 0 , where z 0 is the component of z in Ω 0,1 (End(E) 0 ) ⊕ Ω 1,0 (End(E) 0 ). Note that if y = e u · (x + z) is a Higgs bundle, then x + z is a Higgs bundle since e u ∈ G C preserves the space of Higgs bundles, however x + z ≥0 may not be a Higgs bundle as the pair (∂ A ≥0 , φ ≥0 ) representing x + z ≥0 may not satisfy∂ A ≥0 φ ≥0 = 0. Even though φ ≥0 may not be holomorphic, we can still apply the principle that curvature decreases in subbundles and increases in quotient bundles and follow the same idea as [1, Sec. 8 & 10] to prove the following lemma.
Lemma 2.21.
The next lemma shows that the component in the negative slice is decreasing exponentially. Lemma 2.22. Let y t = e u · (x + z ≥0 + z − ) be a solution to the YMH flow such that lim t→−∞ y t = x. Then there exist positive constants
Proof. The proof follows the idea of [20, Sec. 10] . The downwards gradient flow equation for z − is ∂z
where L is a linear operator and the derivative of N − vanishes at the origin. Since z − is orthogonal to the G C orbit through x, then the Laplacian term in grad YMH vanishes on z − and so the linear part satisfies e Lt z − = e −iβt ·z − . Since z − is in the negative slice then there exists
. Now Lemma 2.21 shows that the YMH flow preserves the set {z − = 0}, and so N − (u, z ≥0 , 0) = 0. Since N − is C 1 with vanishing derivative at the origin then for all ε > 0 there exists δ > 0 such that if
, and so if ε > 0 is small enough (e.g. ε < 1 2 λ min ) then there exist positive constants
The next lemma shows that the difference YMH(x) − YMH(y t ) is decreasing exponentially.
Proof. Recall that the Morse-Kirwan condition from Lemma 2.21 implies
Since x is a critical point of YMH, then for all ε > 0 there exists
Since YMH(e u · (x + z ≥0 + z − )) is monotone decreasing with t and
, and so the above equation implies that
Lemma 2.24. Let y t be a solution to the YMH flow such that y t → x as t → −∞. Then for each positive integer k there exists a constant C and a constant τ 0 ∈ R such that
Proof. Recall the interior estimate from [30, Lem. 7.3] , [39, Prop. 3.6] which says that for all positive integers k there exists a neighbourhood U of x in the L 2 k topology and a constant C such that if
The constant C is uniform as long as the initial condition satisfies a uniform bound on the derivatives of the curvature of the underlying holomorphic bundle and the flow line y t remains in the fixed neighbourhood U of the critical point x (cf. [30, Prop. A]). In particular, the estimates of [39, Lem. 3.14, Cor 3.16] show that this bound on the curvature is satisfied for any initial condition along a given flow line y t . A priori the constant depends on T , however it can be made uniform in T using the following argument. Let C be the constant for T = 2. For any T ≥ 2, let N be an integer greater than T such that y t ∈ U for all t ∈ [0, N ]. We then have
Since lim t→−∞ y t = x in the C ∞ topology, then for any ε > 0 there exists τ 0 such that τ ≤ τ 0 implies that y t − x L 2 k < ε for all t ≤ τ and therefore by choosing ε small we can apply the above interior estimate on any interval [t, τ ] for τ ≤ τ 0 . Therefore we have the bound
For fixed τ the right-hand side of the above inequality is constant, and so
Proof of Proposition 2.20. After possibly shrinking the neighbourhood U from the previous lemma, we can apply the Lojasiewicz inequality (cf. [39, Prop. 3.5]) which implies that
for constants C > 0 and θ ∈ (0,
for all t ≤ 0. These two estimates together with the result of Lemma 2.24 show that
for some positive constants C 1 , η and all t ≤ 0.
THE ISOMORPHISM CLASSES IN THE UNSTABLE SET
Given a critical point x ∈ B, in this section we show that for each y ∈ S − x there exists a smooth gauge transformation g ∈ G C such that g · y ∈ W − x (Proposition 3.13), and conversely for each y ∈ W − x there exists g ∈ G C such that g · y ∈ S − x (Proposition 3.17). As a consequence, the isomorphism classes in the unstable set are in bijective correspondence with the isomorphism classes in the negative slice, and so we have a complete description of these isomorphism classes by Lemma 2.9. This leads to Theorem 3.18 which gives an algebraic criterion for two points to be connected by a flow line.
3.1. Convergence of the scattering construction. The goal of this section is to prove Proposition 3.13, which shows that every point in the negative slice S − x is complex gauge equivalent to a point in the unstable set W − x . The construction involves flowing up towards the critical point on the slice using the linearisation of the YMH flow and then flowing down using the YMH flow. A similar idea is used by Hubbard in [14] for analytic flows around a critical point in C n , where the flow on the slice is defined by projecting the flow from the ambient space. Hubbard's construction uses the fact that the ambient space is a manifold to (a) define this projection to the negative slice, and (b) define local coordinates in which the nonlinear part of the gradient flow satisfies certain estimates in terms of the eigenvalues for the linearised flow [14, Prop. 4] , which is necessary to prove convergence. This idea originated in the study of the existence of scattering states in classical and quantum mechanics. In the context of this paper, one can think of the linearised flow and the YMH flow as two dynamical systems and the goal is to compare their behaviour as t → −∞ (see [31, Ch. XI.1] for an overview). As noted in [14] , [29] and [31] , the eigenvalues of the linearised flow play an important role in comparing the two flows.
The method of this section circumvents the need for a local manifold structure by defining the flow on the slice using the linearised flow and then using the distance-decreasing property of the flow on the space of metrics from [8] , [34] (cf. Lemma 2.17) in place of the estimate of [14, Prop. 4] on the nonlinear part of the flow. The entire construction is done in terms of the complex gauge group, and so it is valid on any subset preserved by G C , thus avoiding any problems associated with the singularities in the space of Higgs bundles. Moreover, using this method it follows naturally from the Lojasiewicz inequality and the smoothing properties of the heat equation that the backwards YMH flow with initial condition in the unstable set converges in the C ∞ topology.
3.1.1. A C 0 bound on the metric. First we derive an a priori estimate on the change of metric along the flow. Fix an initial condition y 0 ∈ S − x and let
In this section we also use the function µ h (y) = Ad g −1 (µ(g · y)) from (2.15). The linearised flow with initial condition y 0 has the form e −iβt · y 0 , and the YMH flow (2.3) has the form g t · y 0 . Let f t = g t · e iβt and define h t = f * t f t ∈ G C /G. This is summarised in the diagram below. Proof. First compute
Lemma 3.1. For any initial condition
where the last step follows from the definition of µ h in (2.15) and the fact that e −iβt = f
The next estimate gives a bound for sup X σ(h t ) in terms of y 0 − x C 0 .
Lemma 3.2. For every ε > 0 there exists a constant C > 0 such that for any initial condition
Proof. Taking the trace of the result of Lemma 3.1 gives us
Lemma 2.19 together with the fact that h t is positive definite then shows that
If we label the eigenvalues of iβ as
Note that ν 0 = 0 since h 0 = id. A calculation using (3.2) then shows that
and so sup X ν t ≤ sup X ν 0 = 0 by the maximum principle. Therefore
for some constant C, since λ k < 0, 0 ≤ s ≤ t < T , K 1 is bounded since e −iβT · y 0 − x C 0 < ε by assumption and K 2 is proportional to e −iβT · y 0 − x 2 C 0 .
3.1.2. C ∞ convergence in the space of metrics. Now consider the case of a fixed y 0 ∈ S − x and define y t = e iβt · y 0 . Define g s (y t ) ∈ G C to be the unique solution of (2.3) such that g s (y t ) · y t is the solution to the YMH flow at at time s with initial condition y t . Let f s (y t ) = g s (y t ) · e iβs ∈ G C , and define h s (y t ) = f s (y t ) * f s (y t ) to be the associated change of metric. The estimate from the previous lemma now becomes (3.3) sup
This is summarised in the diagram below. 
The limit depends continuously on the initial condition y 0 . The rate of convergence is given by
where C 2 > 0 is a constant depending only on the orbit G · x.
Proof. Let t 1 > t 2 ≥ T . The estimate (3.3) shows that
Recall from (2.17) that
The distance-decreasing formula of Lemma 2.17 shows that
Therefore the distance (measured by σ) between the two metrics h t 1 (y 0 ) and h t 2 (y 0 ) satisfies the following bound
and so h t (y 0 ) is a Cauchy sequence in C 0 with a unique limit h ∞ ∈ G C /G, The above equation shows that the rate of convergence is given by (3.4).
Since the finite-time Yang-Mills-Higgs flow and linearised flow both depend continuously on the initial condition, then h t (y 0 ) depends continuously on y 0 for each t > 0. Continuous dependence of the limit then follows from the estimate (3.4). Now we can improve on the previous estimates to show that h t (y 0 ) converges in the smooth topology along a subsequence, and therefore the limit h ∞ is C ∞ . Define z t = f t (y 0 ) · y 0 , where y 0 ∈ S − x and f t (y 0 ) ∈ G C are as defined in the previous proposition. Given a Higgs bundle z t = (∂ A , φ), let ∇ A denote the covariant derivative with respect to the metric connection associated to∂ A .
Lemma 3.4.
For each initial condition y 0 ∈ S − x , there is a uniform bound on sup X |∇ ℓ A µ(z t )| and sup X |∇ ℓ A φ| for each ℓ ≥ 0.
Proof. Since {e iβt · y 0 : t ∈ [0, ∞]} is a compact curve in the space of C ∞ Higgs bundles connecting two C ∞ Higgs bundles y 0 and x, then sup X µ(e iβt · y 0 ) and sup X |∇ A φ| are both uniformly bounded along the sequence e iβt · y 0 . By construction, z t is the time t YMH flow with initial condition e iβt · y 0 . Along the YMH flow, for each ℓ the quantities sup X ∇ ℓ A µ and sup X ∇ ℓ A φ are both uniformly bounded by a constant depending on the value of sup X |µ| and sup X |∇ A φ| at the initial condition (cf. [39, Sec. 3.2] ). Since these quantities are uniformly bounded for the initial conditions, then the result follows.
Corollary 3.5. There is a subsequence t n such that h
Proof. Since z t is contained in the complex gauge orbit of y 0 for all t, then [39, Lem. 3.14] shows that the uniform bound on ∇ ℓ A µ(z t ) from the previous lemma implies a uniform bound on ∇ ℓ A F A for all ℓ. Therefore, since Proposition 3.3 shows that h t converges in C 0 , then the estimates of [8, Lem. 19 & 20] show that h t is bounded in C ℓ for all ℓ, and so there is a subsequence h tn converging in the C ∞ topology.
3.1.3. C ∞ convergence in the space of Higgs bundles. In this section we show that the scattering construction converges in the C ∞ topology on the space of Higgs bundles. As a consequence of the methods, we obtain an estimate that shows the solution to the reverse heat flow constructed in Section 3.1.4 converges to the critical point x in the smooth topology.
This section uses a slightly modified version of the flow from the previous section, defined as follows. Given y 0 ∈ S − x and t > 0, let x s = g s · e iβt · y 0 be the time s solution to the YMH flow (2.3) with initial condition e iβt · y 0 , let s(t) be the unique point in time such that YMH(x s(t) ) = YMH(y 0 ) and define t ′ = min{t, s(t)}. Since the critical values of YMH are discrete, then t ′ is well-defined for small values of YMH(x) − YMH(y 0 ).
Now define z t = g t ′ · e iβt · y 0 and y t = e iβ(t−t ′ ) · y 0 . Note that z t = g t ′ · e iβt ′ · y t and so the results of the previous section show that the C 0 norm of the change of metric connecting y t and z t is bounded. Therefore Corollary 2.11 shows that y t and z t are both uniformly bounded away from x. Lemma 3.6. There exists T > 0 such that t − t ′ ≤ T for all t.
Proof. If s(t)
Since y t = e iβ(t−t ′ ) · y 0 and e iβs · y 0 converges to x as s → ∞, then there exists T such that t − t ′ ≤ T for all t, since otherwise y t − x L 2 1 < η for some t which contradicts the inequality from the previous paragraph.
Next we use the Lojasiewicz inequality to derive a uniform bound on z t − x L 2 
where the constant C ′ k is uniform over all initial conditions in a given G C orbit and for all S such that Lemma 2.24) . Define ε ′ = min{ε, ε 1 , ε 2 }. A calculation using (3.5) (cf. [33] ) shows that any flow line x s which satisfies x s − x L 2 1 < ε ′ for all s ∈ [0, t ′ ] also satisfies the gradient estimate
Let k = 1 in (3.6) and choose δ > 0 so that
, where C and θ are the constants from the Lojasiewicz inequality (3.5) and C ′ 1 is the constant from (3.6) for k = 1. Therefore, since YMH(y 0 ) = YMH(x t ′ ) < YMH(x τ ) ≤ YMH(x) for all τ < t ′ , then
Since the finite-time YMH flow depends continuously on the initial condition in the
By definition of τ , the Lojasiewicz inequality (3.5) and the interior estimate (3.7) are valid for the flow line x s on the interval [0, τ ]. If τ < t ′ , then (3.7) and (3.8) imply that
contradicting the definition of τ as the supremum. Therefore t ′ ≤ τ and the same argument as above shows that
Now that we have a uniform L 2 1 bound on z t − x, then we can apply the same idea using the interior estimate (3.6) as well as continuous dependence on the initial condition in the L 2 k norm from [39, Prop. 3.4] to prove the following uniform L 2 k bound on z t − x.
Lemma 3.8. Given ε > 0 and a positive integer k there exists
Now we can prove that there is a limit z ∞ in the space of C ∞ Higgs bundles. In Section 3.1.4 we will show that z ∞ ∈ W − x .
Proposition 3.9. For each y 0 ∈ S − x , let z t be the sequence defined above. Then there exists z ∞ ∈ B such that for each positive integer k there exists a subsequence of z t converging to z ∞ strongly in L 2 k .
Proof. The previous estimate with k = 2 shows that z t − x L 2 2 is bounded. Compactness of the embedding L 2 k+1 ֒→ L 2 k shows that there is a subsequence {z tn } converging strongly to a limit z ∞ in L 2 1 . For any k > 1, the same argument applied to the subsequence {z tn } from the previous paragraph shows that there exists a further subsequence, which we denote by {z tn j }, which converges strongly in
k of z tn j must be z ∞ also. Therefore z ∞ is a C ∞ Higgs pair.
Finally, we can prove that z ∞ is gauge-equivalent to y 0 . Recall the constant T from Lemma 3.6 and let ϕ(z t , s) denote the time s downwards YMH flow (2.4) with initial condition z t . The gauge transformation f t (y 0 ) ∈ G C from Proposition 3.3 satisfies f t (y 0 ) · y 0 = φ(z t , t − t ′ ).
For any k, let z tn be a subsequence converging strongly to z ∞ in L 2 k . Such a subsequence exists by Proposition 3.9. Since 0 ≤ t n − t ′ n ≤ T for all n then there exists s ∈ [0, T ] and a subsequence {t n ℓ } such that t n ℓ − t ′ n ℓ → s. Since the finite-time YMH flow depends continuously on the initial condition in
After taking a further subsequence if necessary, the method of Section 3.1.2 shows that the change of metric associated to f tn ℓ (y 0 ) converges strongly in L 2 k+1 . Therefore, since the action of the Sobolev completion G C . Since y 0 and z ∞ are both smooth Higgs pairs then an elliptic regularity argument shows that this gauge transformation is smooth. Therefore we have proved the following result. for the estimates of this section to work, and a bound on y 0 − x C 0 for the estimates of Lemma 3.2 to work. 
Remark 3.12. The previous proof uses the fact that the finite-time flow depends continuously on the initial condition. The limit of the downwards YMH flow as t → ∞ depends continuously on initial conditions within the same Morse stratum (cf. [39, Thm. 3.1]). It is essential that the constant T from Lemma 3.6 is finite (which follows from Corollary 2.11) in order to guarantee that z ∞ and ϕ(z ∞ , s) are gauge equivalent. Without a bound on T , it is possible that z ∞ may be in a different Morse stratum to lim t→∞ ϕ(z t , t − t ′ ).
Constructing a convergent solution to the backwards YMH flow.
In this section we show that the limit z ∞ is in the unstable set W − x .
Proposition 3.13. For each y
Proof. In what follows, fix any positive integer k. Given y 0 ∈ S − x , let z 0 t = f t (y 0 ) · y 0 , where f t is the complex gauge transformation from Proposition 3.3. Then Proposition 3.10 shows that there exists z 0 ∞ := φ(z ∞ , s) and a subsequence {z 0 tn } such that z 0 tn → z 0 ∞ strongly in L 2 k . For any s > 0, let y s = e iβs · y 0 and define z Moreover, we also have the uniform bound from Corollary 3.11 which shows that for all ε > 0 there exists δ > 0 such that
Therefore as s → ∞, the sequence z −s ∞ converges strongly to x in the L 2 k norm for any k, and so z 0 ∞ = g · y 0 ∈ W − x . Proposition 2.20 then shows that the convergence is exponential in each Sobolev norm.
Convergence of the inverse process.
In this section we consider the inverse procedure to that of the previous section and prove that each point in the unstable set W − x is gauge equivalent to a point in the negative slice S − x . The idea is similar to that of the previous section, except here we use the modified flow.
3.2.1.
A C 0 bound in the space of metrics. Given y 0 ∈ W − x , let y t = g t · y 0 be the solution to the modified flow (2.11) with initial condition y 0 . Define f t = g t · e iβt and let h t = f * t f t . This is summarised in the diagram below.
Using a similar calculation as the previous section, we have the same expression for the change of metric as in Lemma 3.1.
Lemma 3.14. For any initial condition y
Proof. A similar calculation as in the proof of Lemma 3.1 (this time using the modified flow (2.11)) shows that df t dt f 
Proof. In contrast to the proof of Lemma 3.2, e −iβt · y 0 is not in the slice S x and so it satisfies the inequality µ(e −iβt · y 0 ) − β C 0 ≤ C ′ e −iβt · y 0 − x C 1 instead of the quadratic bound of Lemma 2.16. Using this inequality, the same idea as in the proof of Lemma 3.2 leads to the bound
In general, if the heat operator is bounded for all t ≥ 0
for some nonnegative functions C(t) and D(t) independent of p ∈ X, then f (p, t) satisfies the bound
Therefore (3.10) implies that the problem reduces to finding a bound for t 0 e −iβs ·(y 0 −x) C 1 ds. Proposition 2.20 shows that the backwards flow with initial condition in W − x converges exponentially to x in every Sobolev norm. Therefore there exists a neighbourhood U of x such that if g T · y 0 ∈ U then there exist positive constants C 1 and η such that the following estimate holds
Recall the eigenbundles End(E) − , End(E) 0 and End(E) + from Section 2. The above estimate shows that each component of y 0 − x in End(E) − , End(E) 0 and End(E) + is bounded by
Since the component of e −iβt · (y 0 − x) in End(E) + is exponentially decreasing with t then
The component of e −iβt · (y 0 − x) in End(E) 0 is constant with respect to t, and so
Finally, the component of e −iβt ·(y 0 −x) in End(E) − is exponentially increasing, and so we have the bound
Combining the estimates for the three components shows that the integral
is bounded by
The inequality (3.11) together with the assumption g T · y 0 − x C 1 + e −iβT · y 0 − x C 1 < ε shows that there exists a constant C such that
Convergence in the space of Higgs bundles.
In this section we use a method analogous to that of Section 3.1.3 to show that the sequence converges in the space of Higgs bundles and that the limit is gauge equivalent to y 0 . Given
since Lemma 2.15 shows that g t (y 0 ) · y 0 → x in the C ∞ topology as t → −∞ and for s < 0 the action of e iβs exponentially increases the C 0 norm of the component of g t (y 0 )·y 0 in End(E) − . Now define t ′ := max{t, s} < 0, let f t (y 0 ) = e iβt ′ ·g t ′ (g t−t ′ (y 0 )·y 0 ) and
t f t be the associated change of metric.
, then Corollary 2.11 shows that g t−t ′ (y 0 ) · y 0 and z t are both bounded away from x in the L 2 k norm. As a consequence, |t − t ′ | is uniformly bounded in the same way as Lemma 3.6. Therefore
for some constant C ′ , which implies that there is a subsequence of e iβt · g t (y 0 ) · y 0 converging strongly to a limit z 0 ∞ in L 2 k−1 . Since this is true for all k, then z 0 ∞ is a C ∞ Higgs pair. A special case of (3.12) is
for any k such that L 2 k ֒→ C 1 is an embedding. By modifying the method of Proposition 3.3 we can now show that the change of metric converges in C 0 . For t ∈ (−∞, 0], define f t (y 0 ) = e iβt · g t (y 0 ) and let t 1 ≤ t 2 ≤ T < 0. This is summarised in the diagram below.
The limit depends continuously on the initial condition y 0 ∈ S − x . The rate of convergence is given by
where C 2 > 0 is a constant depending only on the orbit G · x, the constant η is from Proposition 2.20 and k is a positive integer chosen so that L 2 k ֒→ C 1 is a continuous embedding.
Proof. The result follows from the same procedure as the proof of Proposition 3.3, except now we use the estimate from Lemma 3.15 instead of the estimate from Lemma 3.2 and the distance-decreasing formula for the modified flow from Lemma 2.18. Let h t 1 −t 2 (y t 2 ) be the change of metric connecting y t 2 = g t 2 (y 0 ) · y 0 and e iβ(t 1 −t 2 ) · y t 1 . Lemma 3.15 and the estimate (3.13) above show that h t 1 −t 2 (y t 2 ) satisfies
By the construction of the modified flow, the gauge transformation connecting y t 2 and e iβ(t 1 −t 2 ) · y t 1 is in G C * , The distance-decreasing formula for the action of e iβ(t 1 −t 2 ) from Lemma 2.18 then implies that
and so the sequence h t (y 0 ) is Cauchy in the C 0 norm, by the same proof as Proposition 3.3.
Therefore y 0 is connected to z 0 ∞ by a C 0 gauge transformation. Elliptic regularity together with the fact that z 0 ∞ is a C ∞ Higgs pair then shows that y 0 is gauge equivalent to z 0 ∞ by a C ∞ gauge transformation. The same method as the proof of Proposition 3.13 then allows us to explicitly construct a solution of the linearised flow z −s ∞ = e iβs · z 0 ∞ converging to x as s → +∞. Lemma 2.9 then shows that z 0 ∞ is G C equivalent to a point in S − x , which is smooth by Lemma 2.6.
Therefore y 0 is G C equivalent to a point in S − x , and so we have proved the following converse to Proposition 3.13. 
) are Higgs polystable and slope(Q k ) < slope(Q j ) for all k < j. Then there exists g ∈ G C and a solution to the reverse Yang-Mills-
Higgs heat flow equation with initial condition g · (∂ A , φ) which converges to a critical point isomorphic to
(Q 1 , φ 1 ) ⊕ · · · ⊕ (Q n , φ n ).
Conversely, if there exists a solution of the reverse heat flow from the initial condition (∂
A , φ) converg- ing to a critical point (Q 1 , φ 1 ) ⊕ · · · ⊕ (Q n , φ n ) then (∂ A , φ) admits a filtration (E (1) , φ (1) ) ⊂ · · · ⊂ (E (n) , φ (n) ) = (E, φ) whose graded object is isomorphic to (Q 1 , φ 1 ) ⊕ · · · ⊕ (Q n , φ n ).
Proof. Suppose first that (∂
) are Higgs polystable and slope(Q k ) < slope(Q j ) for all k < j. Let x be a critical point isomorphic to (Q 1 , φ 1 ) ⊕ · · · ⊕ (Q n , φ n ), and let U be the neighbourhood of x from Lemma 2.9. Then by applying the isomorphism x ∼ = (Q 1 , φ 1 ) ⊕ · · · ⊕ (Q n , φ n ) and scaling the extension classes there exists a complex gauge transformation such that g · (∂ A , φ) is in U . Applying Lemma 2.9 shows that (∂ A , φ) is isomorphic to a point in S − x , and therefore Proposition 3.13 shows that (∂ A , φ) is isomorphic to a point in W − x . Conversely, if x = (Q 1 , φ 1 ) ⊕ · · · ⊕ (Q n , φ n ) is a critical point and (∂ A , φ) ∈ W − x , then Proposition 3.17 shows that there exists g ∈ G C such that g · (∂ A , φ) ∈ S − x . Therefore Lemma 2.9 shows that (∂ A , φ) admits a filtration whose graded object is isomorphic to (Q 1 , φ 1 ) ⊕ · · · ⊕ (Q n , φ n ).
THE HECKE CORRESPONDENCE VIA YANG-MILLS-HIGGS FLOW LINES
Let (E, φ) be a polystable Higgs bundle of rank r and degree d, and let (L u , φ u ) be a Higgs line bundle with deg L u < slope E. Let F be a smooth complex vector bundle C ∞ isomorphic to E ⊕ L u and choose a metric on F such that the Higgs structure on (E, φ) ⊕ (L u , φ u ) is a Yang-Mills-Higgs critical point in the space B(F ) of Higgs bundles on F . The goal of this section is to show that Hecke modifications of the Higgs bundle (E, φ) correspond to Yang-Mills-Higgs flow lines in B(F ) connecting the critical point (E, φ) ⊕ (L u , φ u ) to lower critical points.
In Section 4.1 we review Hecke modifications of Higgs bundles. Section 4.2 describes how the space of Hecke modifications relates to the geometry of the negative slice and Section 4.3 contains the proof of Theorem 4.22 which shows that Hecke modifications correspond to YMH flow lines. In Section 4.4 we give a geometric criterion for points to be connected by unbroken flow lines in terms of the secant varieties of the space of Hecke modifications inside the negative slice. In particular, this gives a complete classification of the YMH flow lines for rank 2 (cf. Corollary 4.27). Throughout this section the notation E is used to denote the sheaf of holomorphic sections of the bundle E.
Hecke modifications of Higgs bundles.
The purpose of this section is to derive some basic results for Hecke modifications of Higgs bundles which will be used in Section 4.3 to prove Theorem 4.22. In Section 4.4 we extend these results to study unbroken YMH flow lines.
First recall that a Hecke modification of a holomorphic bundle E over a Riemann surface X is determined by points p 1 , . . . , p n ∈ X (not necessarily distinct) and nonzero elements v j ∈ E * p j for j = 1, . . . , n. This data determines a sheaf homomorphism E → ⊕ n j=1 C p j to the skyscraper sheaf supported at p 1 , . . . , p n with kernel a locally free sheaf E ′ . This determines a holomorphic bundle E ′ → X which we call the Hecke modification of E determined by v = (v 1 , . . . , v n ).
Since the kernel sheaf E ′ only depends on the equivalence class of each v j in PE * p j then from now on we abuse the notation slightly and also use v j ∈ PE * p j to denote the equivalence class of v j ∈ E * p j . As explained in [40, Sec. 4.5], if (E, φ) is a Higgs bundle, then a Hecke modification of (E, φ) may introduce poles into the Higgs field and so there are restrictions on the allowable modifications which preserve holomorphicity of the Higgs field. The next result describes a basic condition for the modification to be compatible with the Higgs field.
Lemma 4.2. Let (E, φ) be a Higgs bundle, and 0
→ E ′ → E v −→ C p → 0 a Hecke modification of E induced by v ∈ E * p .
Then the induced Higgs field φ ′ on E ′ is holomorphic if and only if there exists an eigenvalue µ of φ(p) such that the composition
Then φ pulls back to a holomorphic Higgs field φ ′ ∈ H 0 (End(E ′ )⊗ K) if and only if for any open set U ⊂ X and any section s ∈ E(U ), the condition s ∈ ker(E(U )
After choosing a trivialisation of K in a neighbourhood of p, we can decompose the Higgs field φ(p) on the fibre E p as follows
where scalar multiplication by µ is induced from the action of φ(p) on the quotient C p = E p / ker v. Therefore the endomorphism (φ(p) − µ · id) maps E p into the subspace ker v and so v ∈ E * p descends to a well-defined homomorphism
Conversely, given an eigenvalue µ of φ(p) and an element v ′ ∈ coker(φ(p) − µ · id) * , one can choose a basis of E p and extend
preserves ker v and so v ∈ E * p defines a Hecke modification E ′ of E such that the induced Higgs field on E ′ is holomorphic. 
Lemma 4.4. Let (E, φ) be a Higgs bundle and (G, ϕ) a Higgs subsheaf. Then there exists a Higgs subbundle
Proof. Since dim C X = 1 then a standard procedure shows that there is a holomorphic subbundle G ′ ⊂ E with rank(G) = rank(G ′ ) and G is a subsheaf of G ′ , and so it only remains to show that this is a Higgs subbundle. The reverse of the construction above shows that the Higgs field ϕ preserving G extends to a meromorphic Higgs field ϕ ′ preserving G ′ , and since this is the restriction of a holomorphic Higgs field φ on E to the holomorphic subbundle G ′ , then ϕ ′ must be holomorphic on G ′ . Therefore G ′ is φ-invariant. (1) If φ = 0 then N 0 = PE * . If E is (0, 1)-stable then there is a well-defined map PE * → PH 1 (E * ). The construction of the next section generalises this to a map N φ → PH 1 (E * ) (cf. Remark 4.16).
Definition 4.5. A Higgs bundle
(2) Note that the construction above is the reverse of that described in [40] , which begins with E ′ and modifies the bundle to produce a bundle E with deg E = deg E ′ + 1. Here we begin with E and construct E ′ via a modification 0 → E ′ → E → C p → 0 since we want to interpret the compatible modifications in terms of the geometry of the negative slice (see Section 4.2) in order to draw a connection with the results on gradient flow lines for the Yang-Mills-Higgs flow functional from Section 3.3. (3) One can also see the above construction more explicitly in local coordinates as in [40] by choosing a local frame {s 1 , . . . , s n } for E in a neighbourhood U of p with local coordinate z centred at p and for which the evaluation map E v → C p satisfies v(s 1 ) = s 1 (0) and v(s j ) = 0 for all j = 2, . . . , n.
Then over U \{p}, the functions { 
Therefore the induced Higgs field on E ′ will have a pole at p unless B(0) = 0. The scalar A(0) in this local picture is the same as the scalar µ from (4.1), and we see that
With respect to the basis of E p given by the choice of local frame, v(φ(p) − µ · id) = 0. Moreover, via this local frame coker(φ(p) − µ · id) is identified with a subspace of E p which contains the linear span of s 1 (0). Therefore we see in the local coordinate picture that v ∈ E * p descends to an element of (coker(φ(p) − µ · id)) * .
The next result shows that the admissible Hecke modifications have an interpretation in terms of the spectral curve associated to the Higgs field. This extends the results of [40] to include the possibility that p is a branch point of the spectral cover.
First recall Hitchin's construction of the spectral curve from [11] . Let (E, φ) be a Higgs pair. Then there is a projection map π : K → X and a bundle π * E over the total space of the canonical bundle together with a tautological section λ of π * E. The zero set of the characteristic polynomial of π * φ defines a subvariety S inside the total space of K. The projection π restricts to a map π : S → X, where for each p ∈ X the fibre π −1 (p) consists of the eigenvalues of the Higgs field φ(p). As explained in [11] , generically the discriminant of the Higgs field has simple zeros and in this case S is a smooth curve called the spectral curve. The induced projection π : S → X is then a ramified covering map with ramification divisor denoted R ⊂ S.
The pullback of the Higgs field to the spectral curve is a bundle homomorphism π * E → π * (E ⊗ K), and the eigenspaces correspond to ker(π * φ − λ · id), where λ is the tautological section defined above. When the discriminant of the Higgs field has simple zeros then Hitchin shows in [11] that the eigenspaces form a line bundle N → S and that the original bundle E can be reconstructed as π * L, where the line bundle L → S is formed by modifying N at the ramification points 0 → N → L → p∈R C p → 0. One can reconstruct the Higgs field φ by pushing forward the endomorphism defined by the tautological section λ : L → L ⊗ π * K. Proof. Consider the pullback bundle π * E → S. The pullback of the Higgs field induces a sheaf homomorphism (π * φ − λ · id) : π * E ⊗ (π * K) −1 → π * E. As explained in [40, Sec. 2.6] , when the discriminant of φ has simple zeros then the cokernel of this homomorphism is the line bundle L → S such that E ∼ = π * L.
For µ ∈ S such that p = π(µ), there is an isomorphism of the stalks of the skyscraper sheaves
The definition of v implies that for any open set U ⊂ X with a trivialisation of K in a neighbourhood of p, and all s ∈ E(U ) we have
and so v is compatible with the Higgs field by Corollary 4.3. Conversely, let v ∈ E * p be compatible with the Higgs field φ. Corollary 4.3 shows that this induces a well-defined element of coker(φ − µ · id) * . Consider the endomorphisms φ(p) − µ · id on the fibre of E over p ∈ X and π * φ(µ) − µ · id on the fibre of π * E over µ ∈ S.
The universal property of cokernel defines a map coker(φ − µ · id) p → coker(π * φ − µ · id) µ . Since the discriminant of the Higgs field has simple zeros then both fibres are one-dimensional and so this map becomes an isomorphism. Therefore v induces a well-defined homomorphism on the fibre coker(π * φ − µ · id) µ → C, and hence a Hecke modification of L at µ ∈ S. Remark 4.9. When p ∈ X is not a branch point of π : S → X then this result is contained in [40] . 
4.2.
Secant varieties associated to the space of Hecke modifications. The purpose of this section is to connect the geometry of the space of Hecke modifications with the geometry of the negative slice at a critical point in order to prepare for the proof of Theorem 4.22 in the next section.
Let (E 1 , φ 1 ) and (E 2 , φ 2 ) be Higgs bundles and let∂ A denote the induced holomorphic structure on E * 1 E 2 . Then there is an elliptic complex
where
2 denote the spaces of harmonic forms. Recall that if (E 1 , φ 1 ) and (E 2 , φ 2 ) are both Higgs stable and slope(E 2 ) < slope(E 1 ) then H 0 (E * 1 E 2 ) = 0. Now consider the special case where (E 1 , φ 1 ) is (0, n)-stable and (E 2 , φ 2 ) is a Higgs line bundle. Let B denote the space of Higgs bundles on the smooth bundle E 1 ⊕ E 2 and choose a metric such that (E 1 , φ 1 ) ⊕ (E 2 , φ 2 ) is a critical point of YMH : B → R. Definition 2.5 shows that H 1 (E * 1 E 2 ) ∼ = S − x is the negative slice at this critical point.
Let 0 → (E ′ , φ ′ ) → (E 1 , φ 1 ) → ⊕ n j=1 C p j → 0 be a Hecke modification defined by v 1 , . . . , v n ∈ PE * 1 . Applying the functor Hom(·, E 2 ) to the short exact sequence 0 → E ′ → E 1 → ⊕ j C p j → 0 gives us an exact sequence of sheaves 0 → Hom(E 1 , E 2 ) → Hom(E ′ , E 2 ) → ⊕ n j=1 C * p j → 0, where the final term comes from the isomorphism Ext
Note that this depends on a choice of trivialisations of E 2 and K, however the kernel of the map Hom(E ′ , E 2 ) → ⊕ j C p j is independent of these choices. This gives us the following short exact sequence of Higgs sheaves
There is an induced map
Recall from Corollary 4.3 that there exists an eigenvalue µ j for φ 1 (p j ) such that v(φ 1 (p j ) − µ j · id) = 0 for each j = 1, . . . , n.
From the above exact sequence there is an induced homomorphism
Definition 4.11. Let (E 1 , φ 1 ) be a Higgs bundle, and (E 2 , φ 2 ) a Higgs line bundle. The space of Hecke modifications compatible with φ 1 and φ 2 , denoted N φ 1 ,φ 2 ⊂ N φ 1 , is the set of Hecke modifications compatible with φ 1 such that ev 1 (φ 2 s − sφ ′ ) = 0 for all s ∈ Ω 0 ((E ′ ) * E 2 ).
Remark 4.12.
Note that if n = 1 and v ∈ PE * 1 is a Hecke modification compatible with φ 1 , then the requirement that v ∈ N φ 1 ,φ 2 reduces to φ 2 (p) = µ, where µ is the eigenvalue of φ 1 (p) from Corollary 4.3. Such a φ 2 ∈ H 0 (End(E 2 ) ⊗ K) = H 0 (K) always exists since the canonical linear system is basepoint free and therefore φ 2 ∈H 0 (K) N φ 1 ,φ 2 = N φ 1 . If n > 1 then φ 2 with these properties may not exist for some choices of φ 1 ∈ H 0 (End(E 1 ) ⊗ K) and v 1 , . . . , v n ∈ PE * 1 (the existence of φ 2 depends on the complex structure of the surface X). If φ 1 = 0, then we can choose φ 2 = 0 and in this case N φ 1 ,φ 2 = N φ 1 = PE * 
Proof. The short exact sequence (4.2) leads to the following commutative diagram of spaces of smooth sections
Since∂ A s depends on the germ of a section around a point, then there is no well-defined map n j=1 C p j → n j=1 C p j ⊕ C p j making the diagram commute, so the exact sequence (4.3) does not follow immediately from the standard construction, and therefore we give an explicit construction below.
First construct a map C n → H 1 (E * 1 E 2 ) as follows. Given z ∈ C n , choose a smooth section
To see that this is well-defined independent of the choice of
is another section such that ev 0 (s ′′ ) = z and ev 1 (∂ A s ′′ ) = 0, then ev 0 (s ′′ − s ′ ) = 0, and so
, and so s ′ and s ′′ determine the same harmonic representative in H 1 (E * 1 E 2 ). To check exactness of (4.3) at the term C n , note that if z = ev 0 (s ′ ) for some harmonic
Therefore s ′ and i * s differ by a harmonic section of H 0 ((E ′ ) * E 2 ). Since ev 0 (i * s) = 0 then z is the image of this harmonic section under the map
To check exactness at H 1 (E * 1 E 2 ), given z ∈ C n construct (a, ϕ) as above and note that i
and so the image of C n →
, and so the harmonic representatives [(a, ϕ)] and [(a ′′ , ϕ ′′ )] are equal. Therefore [(a, ϕ)] is the image of z by the map C n → H 1 (E * 1 E 2 ), which completes the proof of exactness at H 1 (E * 1 E 2 ). Exactness at the rest of the terms in the sequence (4.3) then follows from standard methods.
For any stable Higgs bundle (E, φ) with d = deg E and r = rank E, define the generalised Segre invariant by
where the maximum is taken over all φ-invariant holomorphic subbundles of rank k. Note that s k (E, φ) ≥ s k (E, 0) =: s k (E) and
Note that any Hecke modification
A theorem of Lange [24, Satz 2.2] shows that a general stable holomorphic bundle E satisfies s k (E) ≥ k(r − k)(g − 1) for all k = 1, . . . , r − 1. Since there is an dense open subset of stable Higgs bundles whose underlying holomorphic bundle is stable, then Lange's theorem also gives the same lower bound on the Segre invariant for a general stable Higgs bundle.
is a general stable Higgs bundle and n < g − 1.
Proof. Let k = rank G and h = deg G. Then the lower bound on the Segre invariant implies that . Then given any set of n distinct points
Proof. Let (E ′ , φ ′ ) be the Hecke modification of (E 1 , φ 1 ) determined by {v 1 , . . . v n } ⊂ PE * 1 . The lower bound on the Segre invariant implies that (E ′ , φ ′ ) is Higgs stable, and therefore
. The exact sequence (4.3) then reduces to
and so ker(
Remark 4.16. As noted above, the maps C n → H 1 (E * 1 E 2 ) depend on choosing trivialisations, but different choices lead to the same map up to a change of basis of C n , and so the subspace ker(
) is independent of these choices. In the special case where n = 1, then this construction gives a well-defined map φ 1 ) for all k, then Corollary 4.15 shows that any n distinct points v 1 , . . . , v n span a nondegenerate copy of P n−1 in PH 1 (E * 1 E 2 ). In the special case where φ 1 = φ 2 = 0 and E 2 is trivial, then N φ 1 ,φ 2 = PE * and
* is the usual map defined for holomorphic bundles (cf. [16, p804] 
, is the union of the subspaces span{v 1 , . . . , v n } ⊂ PH 1 (E * 1 E 2 ) taken over all n-tuples of distinct points v 1 , . . . , v n ∈ N φ 1 ,φ 2 . rank E , and let E ′ be a Hecke modification of E which is compatible with the Higgs field
The goal of this section is to construct critical points x u = (L u , φ u )⊕ (E, φ) and x ℓ = (L ℓ , φ ℓ )⊕ (E ′ , φ ′ ) together with a broken flow line connecting x u and x ℓ . The result of Theorem 3.18 shows that this amounts to constructing a Higgs field φ u ∈ H 0 (K), a Higgs pair (F,φ) in the unstable set of x u and a complex gauge transformation g ∈ G C such that (E ′ , φ ′ ) is a Higgs subbundle of g · (F,φ).
are both Higgs semistable, and let L u be a line bundle with deg L u < slope(E ′ ) < slope(E). Then there exists a Higgs field φ u ∈ H 0 (K) and a non-trivial Higgs extension (F,φ) of (L u , φ u ) by (E, φ) such that (E ′ , φ ′ ) is a Higgs subsheaf of (F,φ).
Proof. By Remark 4.12, there exists
and so the exact sequence (4.3) shows that the Hecke modification v ∈ PE * determines a one-dimensional subspace of H 1 (E * L u ), and that any nontrivial extension class in this subspace is in the kernel of the map
is a Higgs subsheaf of (F,φ).
We can now use this result to relate Hecke modifications at a single point with YMH flow lines.
Theorem 4.22.
is stable and (E ′ , φ ′ ) is semistable, and let L u be a line bundle with deg
is Higgs stable then it is a Hecke modification of (E, φ). If (E ′ , φ ′ ) is Higgs polystable then it is the graded object of the Seshadri filtration of a Hecke modification of (E, φ).
Proof of Theorem 4.22. Given a Hecke modification
and apply a gauge transformation to E ⊕ L u such that
is a critical point of YMH. The harmonic representative of the extension class
is in the negative slice of x u , and therefore flows down to a limit isomorphic to the graded object of the Harder-Narasimhan-Seshadri filtration of (F,φ).
Lemma 4.21 also shows that (E ′ , φ ′ ) is a Higgs subsheaf of (F,φ). Lemma 4.4 shows that this has a resolution as a Higgs subbundle of (F,φ), however since the Harder-Narasimhan type of (F,φ) is strictly less than that of (E, φ) ⊕ (L u , φ u ), rank(E ′ ) = rank(F ) − 1 and deg E ′ = deg E − 1, then (E ′ , φ ′ ) already has the maximal possible slope for a semistable Higgs subbundle of (F,φ), and therefore (E ′ , φ ′ ) must be the maximal semistable Higgs subbundle. Since rank(E ′ ) = rank(F ) − 1, then the graded object of the Harder-Narasimhan-Seshadri filtration of
are critical points connected by a flow line, then Theorem 3.18 shows that there exists a Higgs pair (F,φ) in the negative slice of x u such that (E ′ , φ ′ ) is the graded object of the Seshadri filtration of the maximal semistable Higgs subbundle of (F,φ).
is Higgs polystable then the same argument shows that (E ′ , φ ′ ) is the graded object of the Seshadri filtration of a Hecke modification of (E, φ).
In general, for any flow one can define the space F ℓ,u of flow lines connecting upper and lower critical sets C u and C ℓ , and the space P ℓ,u ⊂ C u × C ℓ of pairs of critical points connected by a flow line. These spaces are equipped with projection maps to the critical sets defined by the canonical projection taking a flow line to its endpoints. 
to be connected by a broken flow line. It is natural to ask whether they are also connected by an unbroken flow line. The goal of this section is to answer this question by giving a geometric construction for points in the negative slice of x u which correspond to unbroken flow lines connecting x u and x ℓ in terms of the secant varieties Sec n (N φ,φu ). For holomorphic bundles, the connection between secant varieties and Hecke modifications has been studied in [23] , [4] and [12] . Given a YMH critical point
and so (G, φ G ) is a Higgs subsheaf of (E, φ).
Lemma 4.4 shows that the subsheaf (G, φ G ) can be resolved to form a Higgs subbundle (G ′ , φ ′ G ) of (E, φ) with slope(G ′ ) ≥ slope(G).
Theorem 4.26. Let (E, φ) be a stable Higgs bundle with Segre invariant s k (E, φ) and choose n such that 0 < 2n − 1 < min 1≤k≤r−1 1 k s k (E, φ) . Let 0 → (E ′ , φ ′ ) → (E, φ) → ⊕ n j=1 C p j → 0 be a Hecke modification of (E, φ) defined by distinct points v 1 , . . . , v n ∈ PE * , and let (L u , φ u ) be a Higgs line bundle such that v 1 , . . . , v n ∈ N φ,φu . Choose a metric such that x u = (E, φ) ⊕ (L u , φ u ) is a YMH critical point.
Then any extension class [(a, ϕ)] ∈ span{v 1 , . . . , v n }∩ Sec n (N φ,φu ) \ Sec n−1 (N φ,φu ) ⊂ PH 1 (E * L u )
is isomorphic to an unbroken flow line connecting x u = (E, φ) ⊕ (L u , φ u ) and x ℓ = (E ′ , φ ′ ) ⊕ (L ℓ , φ ℓ ).
Proof. Let (F,φ) be a Higgs bundle determined by the extension class [(a, ϕ)] ∈ PH 1 (E * L u ). The choice of bundle is not unique, but the isomorphism class of (F,φ) is unique. The proof reduces to showing that (E ′ , φ ′ ) is the maximal semistable Higgs subbundle of (F,φ).
Since [(a, ϕ)] / ∈ Sec n−1 (N φ,φu ), then Lemma 4.20 shows that (E ′ , φ ′ ) is the subsheaf of (E, φ) with maximal degree among those that lift to a subsheaf of (F,φ). Any semistable Higgs subbundle (E ′′ , φ ′′ ) of (F,φ) with rank(E ′′ ) = rank(E) either has slope(E ′′ ) ≤ deg L u < slope(E ′ ), or it is a subsheaf of (E, φ) and so must have slope(E ′′ ) ≤ slope(E ′ ).
The previous lemma shows that if (G, φ G ) is any semistable Higgs subbundle of (F,φ) with slope(G) > deg L u and rank(G) < rank(E), then there is a Higgs subbundle (G ′ , φ ′ G ) of (E, φ) with slope(G ′ ) ≥ slope(G). The upper bound on n = deg E − deg E ′ in terms of the Segre invariant then implies that slope(E ′ ) > slope(G ′ ) ≥ slope(G) by Lemma 4.14.
Therefore the subbundle (Ẽ ′ ,φ ′ ) resolving the subsheaf (E ′ , φ ′ ) ⊂ (F,φ) is the maximal semistable Higgs subbundle of (F,φ). Since (Ẽ ′ ,φ ′ ) is semistable and slope(Ẽ ′ ) ≥ slope(E ′ ) > deg L u , then H 0 ((Ẽ ′ ) * L u ) = 0, and so (Ẽ ′ ,φ ′ ) is a Higgs subsheaf of (E, φ) that lifts to a subbundle of (F,φ). Since deg E ′ is maximal among all such subsheaves, then we must have (E ′ , φ ′ ) = (Ẽ ′ ,φ ′ ) and so (E ′ , φ ′ ) is the maximal semistable subbundle of (F,φ). Therefore Theorem 3.18 shows that x u and x ℓ are connected by an unbroken flow line.
If rank(F ) = 2 (so that E is a line bundle), then the condition on the Segre invariant s k (E, φ) becomes vacuous. Moreover, PE * ∼ = X and so Hecke modifications of E are determined by a subset {v 1 , . . . , v n } ⊂ X. Therefore in the case rank(F ) = 2, we have a complete classification of the YMH flow lines on the space of Higgs bundles B(F ). 
APPENDIX A. UNIQUENESS FOR THE REVERSE YANG-MILLS-HIGGS FLOW
The methods of Donaldson [8] and Simpson [34] show that the Yang-Mills-Higgs flow resembles a nonlinear heat equation, and therefore the backwards flow is ill-posed. In Section 3.1 we prove existence of solutions to the backwards heat flow that converge to a critical point. To show that these solutions are welldefined we prove in this section that if a solution to the reverse YMH flow exists then it must be unique.
Using the Hermitian metric, let d A be the Chern connection associated to∂ A and let ψ = φ + φ * ∈ Ω 1 (i ad(E)). 
The first identity follows from the Bianchi identity and the equation d A ψ = 0. Equation (A.2) is the Weitzenbock identity for a Higgs pair which follows from the usual identity for ∇ A (see for example [3] ) together with the fact that (ψ ∧ ψ) × η and the remaining terms in the Laplacian are of the form ψ × ψ × η + ∇ A ψ × ψ × η. To see the identity (A.3), take the inner product of the right hand side with an arbitrary η ∈ Ω 0 (End(E)). We have (cf. [30, (2. and Y := (a t , ϕ t , ∇a t , ∇ϕ t ). The previous lemma implies that there exists a positive constant C such that the following inequalities hold 
